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Abstract. In this paper we study the global existence of small data solutions to the Cauchy problem 

utt — Alt + ^ — - ut = f(t, u) , u(0, x) = uo(x) , ut (0, x) = ui (x) , 

where fj, > 2. We obtain estimates for the solution and its energy with the same decay rate of the 
linear problem. We extend our results to a model with polynomial speed of propagation, and to a 
model with an exponential speed of propagation and a constant damping vut- 



1. Introduction 

The classical semilincar damped wave equation 

' 'ut t - Au + u t = f(u), t>0,xeW n , 

u(0,x) = u Q (x) , (1) 
u t {0,x) = ui(x) , 

has been deeply investigated. In particular, if we assume small, compactly supported data, then 
by using some linear decay estimates [17] one can prove that there exists a global solution to ([TJ 
if p > 1 + 2/n, and p < 1 + 2/(n — 2) if n > 3 (see [12]). This exponent is critical, that is, for suitable 
nontrivial, arbitrarily small data and f(u) = \u\ p with 1 < p < 1 + 2/n, there exists no global solution 
to (HJ (see (SIGH]). 

If one removes the compactness assumption on the data, still one may obtain global existence for p > 
1 + 2/n if the data are small in the norm of the energy space {H 1 x L 2 ) and in the L 1 norm in space 
dimension n = 1,2 (see In space dimension n > 3 the compactness assumption on the data may 
be replaced by assuming that the data are small in the energy space with a suitable weight |11) . 
On the other hand, weakening the assumption of smallness replacing the L 1 norm of the data with the 
L m norm for some m € (1,2), the critical exponent becomes 1 + 2m/n (see QU])- In particular, one 
obtains 1 + 4/n if the smallness is only taken in the energy space, without additional L m regularity 
or compact support assumption. The same exponent was first obtained in [20] by using a modified 
potential well technique. 

It has been recently proved [1] that the exponent 1 + 2/n remains critical if we consider the wave 
equation with a time-dependent effective damping b(t)u t satisfying suitable assumptions. We say that 
the damping term is effective for the wave equation if the linear estimates have the same decay rate of 
the corresponding heat equation b(t)u t — Au = (see [2SI [23 E2H ED] ) ■ In fact, the exponent 1 + 2/n 
was first proved to be critical by Fujita for the semilinear heat equation [7]. 

In the special case b(t) = u(l + t)~ k , the dissipation is effective for any u > 0, if \k\ < 1. In this 
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special case, a global existence result has been obtained in [T^l [H]. On the other hand, if b(t) is a 
sufficiently smooth function satisfying limsup^^ tb{t) < 1 then the dissipation is non effective [27] . 
The case b(t) = + with fi > 1 is more difficult to manage, since the dissipation is effective for 
large fi and noneffective for small (i. The precise threshold depends on which type of estimate one is 
studying. 

Completely different effects appear if one consider a space-dependent damping term |12[ 1131 118j or a 
time-space dependent damping term [151 123j ; in this case the exponent for the global existence changes 
accordingly to the decay in the space variable. 

In this paper, we consider the Cauchy problem 

u tt - Au+ r^ut = f(t,u), t>0,xeR n , 

u(0,x) = u (x) , (2) 
K u t (0,x) = m(x) . 

Hypothesis 1. We assume that 

/(i,0) = 0, and \f(t,u)-f(t,v)\<(l+ty\u-v\Qu\ + \v\)^- 1 , (3) 

for some 7 > —2 and p > 1, satisfying p < 1 + 2/(n — 2) if n > 3. 

Notation 1. We will use the following notation. 

• We say that there exists a solution to @ , if there exists a unique 

u e C([0, 00), H 1 ) n C^O, 00), L 2 ) , 

global solution to (|2"0)) , in a weak sense. 

• We refer to 

\\{vu,u t ){t,-)\\l,_ : = Iivu^oili^ + IM*, 011!= > 

as the energy of the solution to @. 

• For any m € [1, 2) we define 

v m : = (i m nff x ) x (rnL 2 ), ||(«,«)|||, m := Httllin, + IM&a + IM]| m + |M|^ . 

For the ease of reading, we collect our main results them in three separate theorems. 

Theorem 1. Let n > 1, fj, > 2 and p > 1 + 2(2 + j)/n. Then there exists e > suc/i inai /or an?/ 
initial data 

(uo, ui) <E H 1 x L 2 , satisfying \\(u , u 1 )\\ H i xL 2 < e , (4) 
there exists a solution to l[2"j). Moreover, the solution and its energy satisfy the estimates 

IK*, Oik' < ||(«o,«i)lkix£», (5) 
||(v™,***)(*,0IU- ;$ (i + O'MlKtiOHffix^- (6) 

Theorem 2. Lei 77 < 4, // > n + 2 and 

p> 1 + (2 + 7)/ti, 

*/ 7 > n ~ 2, or p > 2 otherwise. Then there exists e > suc/l i/iai /or any initial data 

Klijefi, satisfying \\ (u , wi)||x>i < e , (7) 
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there exists a solution to @. Moreover, the solution and its energy satisfy the decay estimates 

ii«(*,oiu»^(i+*r , ii(«o»«i)iii>i. (8) 

ii/r, u , mi < /(l+i)"^ 1 IKuo.uOlld tffi>n + 2, 

\\(Vu,u t ){t,-)\\ L 2 < i „ (9) 

+ ^ log(e + t)\\(u ,u 1 )\\ Vl ifn = n + 2. 

The exponent 1 + (2 + 7)/n in Theorem [5] can be proved to be critical by using a modified test 
function method, that is, there exists no global solution to ^ if p < 1 + (2 + j)/n, for suitable data, 
arbitrarily small in 2?i (sec Example 2 in [3]). 

Theorem [2] is a special case of the following. 

Theorem 3. Let to £ [1, 2), n < 4/(2 - to), 

p>2+n^— - ij ) and ( 10 ) 

to(2 + 7) , x 

p>l + ^ ^, 11 

n 

if 7 + 2 > n(2 — to)/to 2 , or p > 2/m otherwise. Then there exists e > smc/i i/iai /or an?/ initial data 

(u , u x )££>,„ , satisfying \\(u , Ui)\\v m < e , (12) 
iftere exists a solution to @. Moreover, the solution and its energy satisfy the decay estimates 

Mv)iu*< (i + (r" (i - 4 'ii(«o,»i)iii>„, (i3) 

ikv.,.,)^,)!!. < {<; r ll^y^r Til n T " I!' < 14) 

[(1 + 2 log(e + i) |Kuo,wi)||x> rn if fj, = 2 + n{2/m-l). 

Remark 1. We recall that in space dimension n > 3 we assumed p < 1 + 2/{n — 2) in Hypothesis [T] 
For n > 3, the set (1 + 2(2 + 7)/n, 1 + 2/(n — 2)] of the global existence in Theorem[T]is nonempty 

if, and only if, either 7 e [-2, -1], or 7 e (-1, 1) and n < 2(2 + 7)/(l + 7). 

For n = 3, the range of admissible exponents p for the global existence in Theorem [2] is nonempty if, 

and only if, 7 < 4. We have the range (1 + (2 + 7)/3, 3] if 7 £ [1, 4), and the range [2, 3] if 7 £ [-2, 1). 

For n — 4 wc only have the admissible exponent p = 2, provided that 7 < 2. 

More in general, for any to G [1, 2) there exists n = n(m, 7) > 3 such that the range of admissible 

exponents is empty for n >n. If 7 € [—2, —1] then n(m, 7) — > 00 as to — > 2. 

Remark 2. Let us assume /j, > n+2 and let the data verify condition (Q. We may compare Theorems[IJ 
[5] and [3J looking for the largest range of admissible exponents p. Indeed, due to the bound p > 2 in 
Theorem [21 we may get benefit by applying Theorem [3] for some to £ (1,2), or even Theorem [TJ 
Let us fix n > 1. If 7 > n — 2, then the range in Theorem [2] cannot be further improved, i.e we get 

'(1 + (2 + 7)/n,oo) if n = 1,2 and 7 > n-2, 
(1 + (2 + 7)/3, 3] if n = 3 and 7 e [3,4). 

If 7 £ (—2, n — 2), let m £ (1, 2) be the largest solution to 

'2_F_7 N 
n 

In correspondence of this to = m(n, 7), we obtain the range in Theorem^ i.e. either p > (l+(2+7)m/n 
if n = 1, 2 or p £ (1 + (2 + 7)771/71, 1 + 2/(n — 2)], for any n > 3 which makes the interval nonempty 
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Finally, if 7 = — 2 we obtain either the range p > 1 if n = 1, 2, or the range p G (1, 1 + 2/(n — 2)) 
if n > 3, by applying Theorem [T] 

If fi S (2,n + 2), we may apply Theorem [3] only for m £ [^,2), where 

£ = *(n,„):= — -. (15) 

n + p — 2 

In particular, setting m = I we immediately have the following. 
Corollary 1. Let n > 1 and \i £ (2, 2 + n), and let us assume 

n + fj, — 2 
(/i-2)(n + ^-2) 

J/ 7 " 2^ 2 ' 

or p > 1 + (p — 2) / n otherwise. Let £ ~ £(n, fj.) be defined as in (|15[) . Then there exists e > such that 
for any initial data 

(«o,«i) G T>i, satisfying \\(uo,Ui)\\t> £ < e, (17) 
there exists a solution to ([2]). Moreover, the solution and its energy satisfy the decay estimates 

\\u(t,-)\\ L 2<(l + t)-^\\{uo, Ul )\\ Vl , (18) 
\\(Vu,ut)(t,-)\\ L i < (l+t)"= log(e + tJIKuo.ui)!!^. (19) 

2. Models with time-dependent speed 

More in general, one may investigate on the global existence for a wave equation with time-dependent 
propagation speed 

' 'u t t- \(t) 2 Au + b(t)u t = f(t,u), t > 0, x e M" , 

u{0,x) = u (x), (20) 
u t (0,x) = ui(x) , 

expecting interactions between the speed X(t) and the damping coefficient b(t). In this setting, one 
may still classify the dissipation produced by the damping term in effective and non effective, with 
respect to the speed and to the considered estimate (see [U[2]). In particular, we are interested in the 
following two models. 

Example 1 (Polynomial speed). Let X(t) = (1 + <) 9_1 for some q > 0, and b(t) = v(\ + i) -1 for 
some v £ M., that is, 

'utt-(l + i) a(H) A«+ I ^iK = /(t 1 i») 1 i>0, 

u(0,x) = u (x) , (21) 
u t (0, x) = ui(x) . 

With respect to this model, we will denote A(t) = (1 + t) q /q, and 

, . v - 1 
/1 = p[y, q) := — h 1 . 

We remark that for g = lwc find again ([2]) and v = /1. 
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Example 2 (Exponential speed). Let \(t) = e rt for some r > and b = v for some v € R, that is, 

' u tt -e 2rt Au + vu t = f(t,u), t>0, xel", 

u(0,x) = u (x) , (22) 
it t (0,a;) = ui(x) . 

With respect to this model, we will denote A(t) = e rt /r, and 

[i = n(v) := v + 1 . 

To deal with both models in Examples Q] and [H we modify the assumption on f{t, u). 
Hypothesis 2. We assume that the nonlinear term in ((20)) satisfies 

/(i,0)=0, |/(t, U )-/(t,t;)|<A(t) 2 A(t)T|«-t;|(|u| + M)»- 1 , (23) 
for some 7 > — 2 and for a given p > 1, satisfying p < 1 + 2/(n — 2) if n > 3. 

With the notation in Examples [TJ and [U the inequality in condition ([2"51 may be explicitated by 
means of the time-dependent speed X(t) and its anti-derivative A(i), giving 

|/(t, u) - f(t,v)\ < (1 + t)(^- 2 | U - v|(|u| + bir" 1 , (24) 

|/(t, «) - f(t,v)\ < e^ rt \u - «|(|u| + \v\f- 1 . (25) 

To state our results, we still use Notation [1] but now we refer to 

||(av«, «*)(*, 0111- ■= m 2 l|v«(t, Olli* + IK(t, 0111- - 

as the energy of the solution to (|20l) . 

Theorem 4. Let n > I, /i > 2 and p > 1 + 2(2 + j)/n. Then there exists e > suc/i t/iat, /or any 
initial data as in ((¥]) there exists a solution to (|20D . Moreover, the solution and its energy satisfy the 
estimates 

\Mt,-)h' < H(«o,«i)I|hix£», (26) 

||(AVtt J u t )(t > .)|U' < A^)A(i)- 1 ||(uo,«i)|| ff ix^. (27) 

Theorem 5. Let m € [1,2) and n < 4/(2 — m). Let ms assume (fit))) , and (jTTJ) ifj + 2 > n(2 — m)/m 2 , 
or p > 2/m otherwise. Then there exists e > smc/j t/iat, /or anj/ initial data as in (|12[) t/iere exists a 
solution to (|20p . Moreover, the solution and its energy satisfy the estimates 

||-a(t,-)lU- < A(t)— (^-i) ||(wo 5 ^)||^, (28) 

||(AV«,«e)(*,0llx- < ( A (*) A ( t )- n a ( *-* ) - 1 IK u o.«OII^ M>2 + n(2/m-l), 

\A(t)A(t)-^log(e + A(t))||K^i)!|p m *//i = 2 + n(2/m-l). 

In the polynomial case the exponent 1 + (2 + ~f)/n obtained in Theorem [5] for m = 1 can be proved 
to be critical by using a modified test function method. Indeed, thanks to Theorem 1 in [3J, there 
exists no global solution to ([2]) if p < 1 + (2 + 7)/n, for suitable, arbitrarily small data in L 1 . 

Remark 3. Taking A(f) = (1 + t) 9_1 as in Example [1] or, respectively, A(t) = e rt as in Example [51 
estimates (|26l) - (f2"?l) may be written in the form 

IK*> OIU 2 ~ \\( u o,ui)\\hixL2 , 

\\Vu{t,-)\\ L 2 < (i + t)^||Kui)IUixi- , 
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< (1 + *) Muo^JWhIxV , 

or, respectively, 

IK*) 0IU a < \\( u 0, Wi)||hi X L 2 i 

||Vu(t,.)|U* <e- rt ||( Uo ,wi)|| fflxL 2, 

ll^t(*, OIU 3 ~ ||(W , lil)||i?l Xi2 . 

Estimates (|28[) - (I29I) may be similarly written, including the additional decay rate (1+t) or, 
respectively, e~ n (™~5)'' t . 

Corollary 2. Let n > 1 and /i,p be as in Corollary^ Then there exists e > such that for any initial 
data as in (|17p there exists a solution to (|20p. Moreover, the solution and its energy satisfy the decay 
estimates (|28[) - (|29[) with m = £, that is, 

\\u(t,-)\\ L *<A(t)-^-V\\(u , Ul )\\v e , (30) 
\\(XVu,u t )(t, -)IU- < A(t) A(f)"« log(e + A(t)) ||K, . (31) 

Theorems 0] and [5] still hold if we consider a more general propagation speed, provided that we take 
a damping term in a suitable form. 

Hypothesis 3. We assume that A <E C 1 , with X(t) > for any t > and A ^ L 1 . Let 

A(i) := A + / A(r)dr, 



for some Aq > 0, be an anti-derivative of X(t). We assume that 



6ftV-«M_M (32) 
b[t) - * K{t) X(t) ' {i ' 



for some /x > 0, for any i > 0. 



We remark that A(t) is a strictly positive, strictly increasing function such that A(t) — > oo as t — > oo. 
The assumption X ^ L 1 which guarantees this latter property was first used in [SJE] to derive energy 
estimates in the setting of linear systems, eventually with the presence of a dissipative lower order 
term. On the other hand, if we consider the equation 

u tt - X{tf Au + b(t)u t =0, 

then still a dissipative effect on the energy ||(AVu,M t )|| i 2 appears (see [2]), provided that 

0. (33) 

We notice that (|3"3")l reduces to A'(i) > if b = (see [5]). Dealing with (|2T)]) . thanks to the special 
structure of b(t) given by (|3"2"|) we see that (|33[) is satisfied for any > 0. 

Remark 4. It is clear that Hypothesis [3] is consistent with the notation used in Examples [1] and [2] On 
the other hand, polynomial and exponential speeds in Examples [T] and [2] have the following property: 
there exists an anti-derivative A(t) of X(t) and a constant afR such that 

Mf) = W)' (34) 
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Property (JSJ) means that if b{t) = v\(t)/A(t) for some veR, then (J32J) holds with fi = v + a. This 
constant is a = (q — l)/q in Example Q] and a = 1 in Example [3J We notice that (f3"4"|) is equivalent to 
say A(i) = CA(t) a , for some C > 0. 

Theorems [I][2](2] immediately follow as a consequence of Theorems 0H5J which we will prove in 
Section [4] for a general propagation speed and for the related dissipation, satisfying Hypothesis [3] 

3. Linear Estimates 

In order to prove our results we will apply Duhamcl's principle. Therefore, we derive estimates for 
the family of parameter-dependent linear Cauchy problems: 

' v u ~ \{t) 2 Av + b(t) v t = 0, t>s, x G 1" , 

v(s,x) = v (x) , (35) 
^v t (s,x) = vi{x) . 

Lemma 3. Let (vq,v\) G L 2 x L 2 . If [i > 1 then the solution to (|35[) satisfies the estimate 

IK*.-)IU»<INIlL> + ^IKIU a . (36) 

Moreover, if (t>o,vi) G -ff 1 x L 2 and /i > 2, then the energy of the solution to (|35[) satisfies the estimate 
\mv,v t )(t,-)\\ L 2<^A(s) (\\vo\\* + T^ylNU 2 ) ■ (37) 

Lemma 4. Let (t>o, «i) G L m (~l L 2 for some me [1,2). If fj, > 1 and /i > n(2/m — 1) i/ien t/ie solution 
to (|35p satisfies the estimate 

\\v(t,.)\\ L2 <A(t)- n (^-i) ||| Vo || Lm+ ^|| Ul || Lm+ A( S )"(^^)(||z; || L2 + ^|||« 1 || i2 )| , (38) 

whereas if fi = n(2/m — 1) > 1 it satisfies the estimate 

\\v(t, .)\\ L , < A(i)-« log (l + jlMk™ + IkilU- + A( S )t (|| U0 || L2 + M || Vl || i2 ) | . 

(39) 

Moreover, if (vq, vi) G T> m and /i > 2 + n{2/m — 1) i/ien </ie energy of the solution to ([35]) satisfies the 
estimate 

IKAVt;, «*)(*, -)1U» £ A(t) A^-K^-D- 1 ||| Uo ]| im + M || Vl || Lm 



+ A(s)<^-i) +1 (\\v \\ m + ^-\\v 1 \\ L2 )\ , (40) 



A( S ) 

whereas if [i = 2 + n(2/m — 1) it satisfies the estimate 

|| (AVt;, «*)(*, .)|U«< A(t)A(t)"* logfl + M") f||^|| im + ^£l|| Wl || Lm 



A(s) 

A( S )t(|| Uo || ffl + T^ylNU*)}- (41) 



We recall that taking A(t) = 1, A(i) = 1 + 1 and 6(t) = /i(l + 1) 1 we obtain the linear estimates 
corresponding to ©. 
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Remark 5. Since Q35p is linear, we may write the solution to (|35l) into the form 

v(t,x) = E (t,s,x) *( x ) v (x) +E 1 (t,s,x) * (x ) . (42) 

The estimates in Lemmas [3] and |4] are deeply related to the special structure of the equation in (|35|) . 
To prove them we follow the approach used in to derive L 2 — L 2 estimates for the linear damped 
wave equation 

u u - Au+ :— u t = , t > , 

modifying it to derive (L m r\L 2 ) — L 2 estimates, and taking into account the presence of the parameter s 
and of the speed A(i). 

Let us put w(A(t) |£|) = v(i,£), and let us denote r = A(t) |f| and cr = A(s) |f|. Then er > for 
any £ 7^ 0, and from the equation in (|35[) we obtain the ordinary differential equation 

w" + w + - w' = 0, t > <t . (43) 
r 

If we put p := (1 — /i)/2 and w(t) = r p y(r) then from ([4"3")) we obtain the Bessel's differential equation 
of order ±p: 

r 2 y" + ry' + (t 2 - p 2 )y = 0, t > a . (44) 
A system of linearly independent solution to (|4"4")l is given by the pair of Hankel functions H^(t), hence 
we put 

w ± (r) :=t>"H±(t). 

If we define 

**,r,*(*.«.KI)- 4 Ifl det^ +(A(s)|e|) H + +5(AW|c|) j (45) 



2 C&C( ^ } 1(-1)I^+(A( S ) |f|) 2+ (A(t) |f|) J 



(46) 



,(-l)l 5 IX+(A( S )|f|) X+ +5 (A(t) iei) 
then the solution to (|35|) is given by 

v(t, £) = $„(*, s, OMO + a, 0«i(0 . 

that is, $j(f, s, f) is the Fourier transform of Ej(t,s,x) introduced in (|42[) . We may now write the 
multipliers and their time-derivatives in the form 

A(t) p 

1 A(t) p 

^^ = "j(W#r*W' (48) 

ft$ (t, fl ,f) = A(t) x ^ =r * aiP _ ll0j (49) 

W.-.0 = -^^r*,.-i, (so) 

Let us fix if £ (0, 1), independent on s and i. The following three properties hold: 

<r- x ' 2 , for re [if, 00), (51) 

| K±(T )| </--"" ' farreMif^O, 
yWI [-log-r, for r G (0, K] if 1/ = 0, 

I^(t)|<t^, forre(0,ao). (53) 
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According to the parameter s > and to the variable t > s, we divide the frequencies in three intervals: 

* 1_ ' K • "* I . /, / K 



We are now ready to prove our linear estimates. 

Proof of Lemma® By virtue of Parseval's identity, to derive L? — L? estimates for the solution to (1351) 
and its energy, it is sufficient to control the L°° norm of |£| d\$j(t, s, f) for I + k = 0, I and j = 0, f , 
which expressions may be obtained by (|T7|) - ((^5|) - (|^|) - ((5U|) . 

In the interval I\ it holds r > a > K, therefore thanks to (|5ip we get 

l**,r,*(t, *, m < \t\ k (A( S )iei)- 1/2 (A( £ )iei)" 1/2 . 

It immediately follows that 

*l,p-l,l, |f|* 0)/3 ,0, ICI" 1 *2,,-l,0 , 

are all bounded by A(s)~ 1 ' 2 A(t) -1 / 2 . On the other hand, we can estimate 

l*o,p,o| < ICr 1 M-s)- 1/2 A(t)" 1 / 2 < A(s) 1 / 2 A(t)- 1 / 2 . 
In the interval I2 it holds r > K > a, therefore thanks to (|5I[) and ([52")) we get 

i* fel ^(i, s ,iei)i<iei' ! (A( S )iei)- |r| (A(i)iei)- 1/2 ) 

hence it follows 

l*o,,,oi < (A( s )ia)- |p| mmr 1/2 , 

|f| |* w ,i|, |*2,„-i,o| < I?! 2 (A^iel)- 1 ^ 11 (A(t)|e|)" 1/2 , 

lei i* ,„oi, i*i,p,-ii < iei (A( s )i^i)-i"i (awici)- 1 / 2 . 

Using < A(i) and /i > 1, that is, p < 0, one can estimate 

l*w,i| < icr (1/2 " p) H*)"- 1 Mty 1/2 < A(.s)"- 1 A(i)-' , 
l*o, P ,o| < |C|- (1/2 ~ p) A( S r A(i)- 1 / 2 < A( s )"A(i)" p . 

If /Lt > 2, that is, p < -1/2, then 

ICI |*i,„-i,i|, |*2, P -i,o| < ICI P+1/2 A^)"- 1 K{tr 1/2 < Hs)"- 1 A(i)-"- 1 , 
1^1 |*o,p,o|, |*i,p,-i| < |ei P+1/2 A(s) p A(ty 1/2 < A(s)» Ait)-"- 1 . 
In the interval ^3 it holds K > t > a. We use PS|) and (f53")) . obtaining 

l**,r,«(t, », If |)| < \i \ k ((A(*)|€ (A(i)|£|r* + (A( S )|f |) r (A(t)|d)-^)) 
= |f |** 4 A(s)- r A(i) r+<5 + le^- 5 A(s) r A(t)-( r+5 ) 
< A(s)- r A(i) r - fc + A(s) r A(t)- r - k < A(s)-^ A(t)W~ k , 

provided that k > \S\, since |£| < A(i) _1 and A(s) < A(t). Since p < 0, using |£| < A(i) _1 where 
needed, it follows again 

l*w,i| < mis)"' 1 Mt) 1 -" < Aisy- 1 A(typ , 

l*o, P ,o|<A( s )"A(i)^, 
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ki i*i,p-iai, i* 2l ,-i,oi < \e H*y- 1 m 1 -" < Hs) p - 1 A(t)-"- 1 , 

lei |*o,p,o|, < K| A0O'A(t)-' < AW Aft)-"- 1 • 

Using A(s) < A(t) and p < 1/2, in Ji we also have 

A(s)- 1 / 2 A(i)- 1 / 2 < A(s) p " 1 A(i)~ p , 
A(s) 1 / 2 A(t)- 1 / 2 < A(s) p A(t)- p . 
Summarizing and recalling (]47 [) -(|48 p . estimate ([55} follows. If p < —1/2, that is, /i > 2, then 

A(s)- 1 / 2 A(f)- 1 / 2 < A(s)"A(i)-"- 1 . 
Recalling (|I7 ]l -(|3H ]l -(Pl)-(|Hn]l. the proof of ([37]) follows. □ 
Proof of Lemma® We follow the proof of Lemma [3] with some modifications. In 1\ we notice that 

^ r AW 1 /»A(t)- 1/a =A(«)*+ 1 A(t)-*, 



A(s)f 
A(t) 



^ A(s)- 1 / 2 A(t)" 1 / 2 = A(*)« A(t)~* . 

Moreover, since A(s) < A(t) we may estimate 

A(s)t +1 A(*)~* < A(i)-"(™-3) A(s) 1+ "(™-5) if M > n ( 2 /m - i), 

AM* Aftr* < S A (t)- n ^Hs)<^ if M > n(2/m 1), 

" \A(t)- n (^-^)- 1 A(s)"(^-5)+i if M >2 + n(2/m-l). 

Let us define q := (1/m — 1/2) -1 S [2, co). By virtue of Parseval's identity, we may now estimate 
l 

and similarly for the energy. Let 



4-.= I w^'M, Jf-=l \tf (j+k±5) dz, 

J\t\eh J\t\eh 

and r] := A(*)|f|. It follows 

4 < Wr" (p±1/2) ~" / \v\ q (p±1/2) d v < A(t)-« (^/a)-" , 



^|l7|>Jf 

Jf Z A(t)-^ +k±s ^- n f l^^+^dr] < A(i)-9^'+ fc±<5 )-" , 



J\n\<K 

provided that q(p± 1/2) < — n and that j + k ± 5 > —n. Therefore we obtain 

H*i,p-i,ilU«(/ a u/3) < Msy- 1 A(tr p - n/q , 

ll*o,p,olU»(/ a u/ 3 ) £ H«) p A(t)- p -"^ , 
provided that p — 1/2 < —n/q, that is, /i > 2n(l/m — 1/2), and 

||(e* 1)/> _ 1 , lj * 2 , p _ li o)|U. ( / aU /,)<A(a)^ 1 A(t)-"- 1 - n /« ) 

||(^o, P ,o,*i,p,-i)IU,(/ 2 u/3)<A( S )"A(i)-''- 1 -" /9 , 

provided that p+1/2 < —n/q, i.e. p > 2 + 2n(l/m — 1/2). If /i = 1 + n(2/m — 1) ± 1, the estimate 
of 4 gives 

1^=1 < C n (log(A7A( s )) - log(A-/A(i))) , 
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Combining the estimates for high and low frequencies, we conclude the proof. □ 

4. Proof of Theorems H] and [5] 

We will use the linear estimates (J35J and (gDJ) to prove (gSJ) and (|1SJ for ^t > 2 + n(2/m - 1). The 
special case fx = 2 + n(2/m — 1) can be easily proved by replacing estimate (|4T)|) with (|4"Tj) . whereas 
estimates (J26J) and (gTJ follow from and (|37 | . 

Using Duhamel's principle and (|4"2")l . a function it G C([0, oo), i? 1 ) (~l C 1 ([0, oo), L 2 ) is a solution 
to (|20p if, and only if, it is a fixed point for the operator N given by 

Nu(t,x) = E o (t,0,x) *(a;) ii (a:) +^i(t,0,x) *(.„) + / s,x) *( x ) f(s,u(s,x))ds, (54) 

Jo 

i.e. Nu(t,-) = u(t,-) in H 1 and d t Nu(t 7 -) — u t (t,-) in L 2 , for any i G [0,oo). For any t > 0, we 
consider the spaces 

X(t) := C([0, «], If 1 ) n C^IO, i], L 2 ) , JT (t) = C([0, t], H l ) , 

with the norms 

|M| X(t) := sup A(r)"( 1 /™-i/2)/|| u;(Tj . ) || i2+A(T) || Vu;(r5 . ) || i2+A(T) -i A(T) || u;t(Tj . ) || i2 ) j 

0<T<t V 

\\w\\ Xo{t) := sup A^r^-^fllwCT.OII^+A^llV^^OIUO. 

0<T<t V 

We claim that for any data (uo,Ui) G T> m the operator AT satisfies the estimates 

||iVu|| x(t) <C||K, Ul )|h m +C||^ o(t)J (55) 
||JVu - ^|U (t) < C||u - u\\x Q{ t)(\A V x« { t) + Mx \t)) . (56) 
for any u, u G A'(i), uniformly with respect to i G [0, oo). 

If (|5"5"|) and hold, then A~ maps X(i) into itself and there exists a unique fixed point u G X(t) 
for the operator Af, for sufficiently small data. Indeed, let e := \\(uq, Mi)||i> m , and let us define the 
sequence vV> = Nvfj~ 1 ' for any j > 1, with it' ' = 0. Thanks to (|55l) . there exists eo = eo(C) > 0, 
such that 

\\u (j) \\ X (t) <2Ce, (57) 
for any e G [0, eo]. Moreover, let us fix £q(C) be such that Ce^ -1 < 1. Using (JSHJ) and ([5T)l . we obtain 

|| u Ci+i) _ U U) \\ x{t) < Ce P-i | )u Ci) _ u W-i) || x(t) , (58) 

therefore {u^} is a Cauchy sequence in the Banach space X(t), converging to the unique solution 
of Nu = u. Since the constants are independent of t, the global existence follows. The definition 
°f ll u llx(t) leads to the decay estimates (|28l) - (l29|) . 

Therefore, we only need to prove our claims (|55[) and (1561) . During the proof a special role will be 
played by different applications of Gagliardo-Nirenberg inequality: 

IK« ) Oll£«<||«(*,-)ll^ 1 "° C, ' )) l|V«(* > -)ll? a (,) , where (59) 



9(q) := n Q - ^) , for any q G 
We prove (|5"5")l . being the proof of (1551) completely analogous. 



271 



(60) 
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Proof of (J5SJ). From (|3"5 1) -(|30 ]l we derive 

\\Nu(t,-)\\ L2 < A(t)~ n ^-^ \\(u , Ul )\\ LmxL , 

+ A(i)^-i) / A(s) -1 A( S ) ||/( S , «(«, .))IU»da 



+ A(t)" n( »-* ) /** A(s)- 1 A(s) 1+ "^-*) , (61) 

Jo 

||(AVJVu, d t Nu)(t, -)|U= < A(i) A(t)-"^-^" 1 ||K u 1 )||o fB 

+ A(t) A(t)-™^-^)- 1 f X(s)- 1 A(s) u(s, .))||i»ds 



+ A(t)A(t)-"^-4J- 1 / AW^AW^^-iJ !!/(*,«(*, 0)11^ • (62) 
Jo 

By using (|23| we can estimate |/(s, u)| < A(s) 2 A(s) 7 |w| p . Since p > 2/m, and p < n/ (71 — 2) if n > 3, 
we can apply (|59[) with q = mp and q = 2p, obtaining 

\\Hs,-)\ p \\l™ < Nv)ll£™, < M'xmM')^ 1 '™- 1 ™^™** = MFxouH*)-***- 1 ) , (63) 
\\Hs,-)\ p \\l* < \Hs,-)\f L2p < || U ||^ (s) A( s )-^ 1 /™-i/2) +e ( 2 p)) = MPx ^ Hs) -^ +9 (64) 

We notice that: 

/ 1 1 \ pn n n . 

1 + n o ~ — + o+ 7 = l- -te-!+7, 

hence 

||JVu(t,.)|| ia <A(t)- n ^-^||( U o,«i)|| i »n£» 

+ ||«|& o(t) A(t)-»^-4) f A( S ) AW 1 -*^- 1 )^ (65) 

** 

||(AVJNrt*,SfeJV«)(*, Olli- <A(t)A(t)- n( »- i) - 1 ll(«o,«i)||c m 

+ ||«||P o(t) A(f) A(t)-"^-^" 1 /* A( S ) A^) 1 "^" 1 ^ ds . (66) 

«/ 

Thanks to (llip . if we put r = A(s) then we get 

,A(t) 

A(s)A(s) 1 ~™ (p " 1)+7 ds = / r 1 -™^- 1 ^ dr < C , 



'Ho) 

and this concludes the proof of (|55|) . □ 

5. Data from a weighted energy space 

If / = /(w), we may overcome the lower bound p > 2 in Theorem [5] if we assume smallness of the 
initial data in some weighted energy space. Similarly in Theorem [5] with m = 1. 
Let X(t) and 6(t) satisfy Hypothesis [3] For any t > 0, we define the exponential weight 

w (t) (x) :=exp ff . (67) 

and we denote by L 2 (w( t )) and H (cjm) the weighted spaces with norms: 

\H\l Hum) ~ f \u(x)\ 2 uf t) (x)dx, hWhfrv) = \Hh( U(t) ) + \\Vu\\ 2 LHuw) . 

One may easily check that L 2 (ui^) L 1 n L 2 , for any /i > and t > 0. 
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Theorem 6. Let n > 1, [a > n + 2. Let f(t, u) = X{t) 2 f\{u), with fi(u) satisfying 

/i(0) - , \h(u) - h(v)\ <\u- v\(\u\ + \v\r~ 1 , 

for some p > 1 + 2/n, and p < 1 + 2/(n— 2) if n> 3. Then there exists e > such that for any initial 
data 

(u ,ui) e ff^wfo)) x L 2 (u (0) ) , satisfying \\(uo,Ui)\\ H i( U(0) ) X L^(u m ) < e, (68) 
t/iere exists a solution u to (j2T))) . Moreover, u 6 C([0, oo), H 1 ^^)) D C 1 ([0, oo), L 2 (w( t ))) ; and 

^A(t) - ' ||(uo,«i)||i>( U(0) ), 
||(AVu,M t )(t, -)||l2 < A(i)A(£)~* ||( 

ll«(*.-)||i>(a, w ) £ A(t)A(t) ||(uo,Wi)|| H i( W(0) ) xL 2 (w(0)) , 

||(AVu,ut)(*.-)IU 2 (w w ) < ll( w o, wi)|| ff i (tJ(0))xL 2 (aj(o)) . 

The range of admissible exponents p for the global existence in Thcorem[B]is nonempty for any n > 1. 
If we consider ©, then we assume / = f(u), and the weight is given by 

u), t) {x) := exp - 



2 1 + t 2 , 

By assuming compactly supported data, Y. Wakasugi recently extended the result in [16j to prove that 
if f(u) = \u\ p with p > 1 + 2/n then there exists Jl = ~p(p, n) satisfying ~p(p, n) as n 2 (p — (1 + 2/n))~ 2 
such that for any /J, > ~p there exists a global solution to @. A loss of information in the decay 
estimates like (1 + t) e also appears, where e ps (see [H]). We remark that in Theorem [5] we do not 
require compact support, the threshold is fi > n + 2 for any p > 1 + 2/n, and we do not have loss of 
information in the decay estimates with respect to the linear problem. Moreover, we can deal with a 
more general propagation speed X(t). 

In order to prove Theorem [6l we follow the approach in [H [11] . For the sake of brevity, we only 
sketch the main ideas, highlighting the differences due to the presence of the propagation speed X(t). 

One can easily prove the local existence of the solution to (|20p in 

c([o,T max ), if ne([o,r max ),iV (t) )) , 

for any p < 1 + 2/(n — 2), where by T max > we denote the maximal existence time. Moreover, 

limsup (\\u(t, Wh^) + A(*r 2 \\u t (t, Ollla^j)) = oc , (69) 
if T max < oo. Let us define the function 

u \x\ 2 

ip(t,x) := logout) (a;) = - , 

which has the following property: 

/i y? \ i>t{t) x ) — ~\X(t)'Vi(j(t, x)\ 2 , in particular ipt(t, x) < since /i > 0. (70) 
A(t) 

We are now in a position to prove the following. 

Lemma 5. Let u be the local solution to (|20|) . Then for any t £ [0,T max ) and for any e € (0, 2 — 
2/(p+ 1)), the following energy estimate holds: 

\\(xvu,u t )(t,-)\\ 2 L2{LUw) <cx(t) 2 (\\(u , Ul )\\% Hu(o))xL2M + ||K «i)ll5^ U(0))xLa(w(0) )) 



Indeed, we have 
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+ C e \{t) 2 sup (A(s) e \\e^ +2 ^P +1 ^ s ^u{s r )\\ LP+ X +1 . 
se[o,t] v ' 

Proof. We recall that f(t,u) = A(i) 2 /i (it) in Theorem[S] If we define the functional 

G(t) := \\(XVu, u t )(t, Oll!^^) - jf n F(u) dx , where := jf h{v) dv , 

then it follows that 

G{t) - G(0) < -4 / / V t (s,x)e 2 ' / ' ( ^ a:) F(u( s ,a;))dxd s . (71) 

(A(i)- 2 |u t | 2 + |Vu| 2 - F(u))^j = V • (e^utVti) + A(t)" 2 ^ t e 2 ^u 2 

+ — |u t W - ^Vh| 2 - A(i)" 2 — u t 2 ((&(i) + \'(t)/\(t))rl> t + |Vt/;| 2 ) - 2^e 2V, F(w) . 
By using divergence theorem and (l70l) . the proof of (j7Tj) follows. By using Sobolev embedding, we get 
G(0) < IIK,«i)IIhi (W(0))xL 2 Ko)) + ll(«o,«i)|l3^ W(0))xi » ((l , (0)) ■ 

Estimating 

\M; x)\e-«*W'ri = 2 ^(s, xJe^M < C £ M , and jf d s < C e , 

and \F(u(s,x))\ < |m(s,cc)| p+1 we may conclude the proof. □ 

The advantage of working with weighted spaces relies in the chance to estimate 

||/i(u(*,.))IUi < \Hs,-)\\l, < A(*)* He^u^OH^, (72) 
by using Holder inequality and 

e~H& dx = A(s) n [ e- c ^ 2 dy < K{s) n . 



Trivially, we may also estimate 

||/iK S ,.))|k 2 <||e*^( S ,-)ll^- (73) 

Proof of Theorem [6j By contradiction, let us assume that for any e > there exist data satisfying (|68]l 
such that the solution to (j2"0j) is not global, that is, T max < oo. Similarly to the proof of Theorem [SJ 
for any t G (0, T max ) we may consider the space 

X(t) := C([0,t],iJ 1 (cj (r) )) nC([0,t],L 2 (w (r) )) , with norm 
NU (t) := nuK(A(r)- 1 ||(AV« J u t )(r ) -)||i a ( UM ) (74) 

+A(r)- 1 A(r)t+ 1 ||(AVu, Mt )(^-)llL 2 +A(r)f \\u(t, -)\\ L *) . (75) 

We may immediately use Lemma [5] to estimate the weighted energy in ([71)l . On the other hand, using 
the linear estimates in Lemma 2] as we did in the proof of Theorem together with (fT2"|) - ([75 ]) . we can 
control the terms in ([75]) . obtaining: 



u\\x(t) <e + e^+ sup (a(t) £ \\e^+ 2 ^ +1 ^Mr, 
Te[o,t; v 



p+i 
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+ sup (A(r)^\\e £ ^u(T,-)\\ L 2 P Y . (76) 
re[0,t] v 1 

In order to manage the last two terms we use a Gagliardo-Nirenberg type inequality (see Lemma 2.3 

in [TT] and Lemma 9 in [JJ) and we get 

\\e a ^v\\ L ^ < C a A(ty- e ^ \\Vv\\lr We^VvWb , (77) 

for any a g [0, 1] and v G H^, t %, where 0(g) is as in (jSU|) . By using (|77|) . it follows 

|| e ( B +2/(H-l))*(T,.) tt(T . . )||ip+i < A(T) l-fl(,H-l)-(l-2/(H-l)-e)(n/a+l) j (7g) 

||e^(--)«(r,.)||^ < llullxwAW 1 - 9 ^-^--)^ 1 ) . (79) 

We remark that 2 < p + 1 < 2p < 2n/(n — 2), hence Gagliardo-Nirenberg inequality is applicable. 
Since p > 1 + 2(2 +j)/n, it follows that 

1 - 0(p + 1) - (1 - 2/(p + l))(n/2 + 1) = 1 - 0(2p) - (n/2 + 1) = 1 ~ (P ~ 1)n/2 < . 

P 

Therefore, if we take e > sufficiently small, from ((76)) we may obtain 

Mx(t)<£ + ^ + \H% + \\uf x{t) , 

uniformly with respect to t € [0,T max ). By standard arguments, it follows that ||it||x(t) is bounded 
with respect to t e [0, T max ), provided that e > is sufficiently small. Hence \\u(t, •) || i 2 (i^ ct) ) is bounded 
too. This contradicts (|69|l . hence the maximal existence time is T max = oo. □ 

Appendix A. Linear estimates under the threshold p, = 2 

If p € (0, 2) then the L 2 — L 2 estimate of the energy of the solution to the linear problem (|35p is 
worse than (|3"7|) . since the dissipation becomes non effective and we get 

||(AV«,%)(t,0IU3<A(t)A(t)-f A(*)* (Vo||^ + T^yKII^) ■ (80) 

Indeed, we may follow the proof of LemmaSJ but now p 6 (—1/2, 1/2). The estimate in Ji remains 
the same. In I2, using |£| < A(s) _1 , we get 

If I 1*1^-1,11, |* aiP -i l0 | < \z\ p+1/2 Hsy- 1 Kit)- 1 ' 2 < A( S )- 3 / 2 Kit)- 1 ' 2 , 

' A(s)" A(t)- 1 / 2 < A(s)- 1 / 2 A(i)- 1 / 2 , if At G (1, 2), 

|£| 1/2 ~ p A(*)-" A(t)" 1 / 2 < A(s)- 1 /2 A(i)-V2 , if M g (0, 1), 

If p e (0, 1/2), i.e. ^ G (0, 1), using |f | < A(t)" 1 , we derive 

If I l*o,,,o| < If I A(*)-' A(t)' < A( S )-" A (ty- 1 , 
|* li/3) _ 1 |<A( s )-"A(^- 1 , 

in the interval I 3 . Since |p| — 1 < —1/2, the worst rate for |£| 1 1 I r x,/a x s x ] , |*2,p-i,o|j If I l*o,p,o| and 

l^i.p.-il is now given by A(i) -1 / 2 , therefore, due to 

-^ T A( S r i /2 A(tr i/ 2 = A(s) f A(tr t i 

estimates (j50|) follows. Estimate (|50|) is consistent with the energy estimate proved in Example 3 in [5] 
for s = and p <G [0, 2]. 

One may immediately use estimate ([50)) to extend Theorem |3J to the case p £ [1,2), modifying the 
proof where needed. 



< 
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Remark 6. Let n > 1. If /i G [1, 2) and 

P >1 + ^, (81) 
^ n 

then there exists e > such that for any initial data satisfying Q there exists a solution to (l20l) . 
Moreover, the solution satisfies ((26)) and its energy satisfies the estimate 



\\(XVu,u t )(t,-)\\ L2 < A(t)A(t)~* IIK^OH^x^. (82) 

However, we do not expect condition (|8Tj) to be optimal. Indeed, for fi G (0, 2) the model becomes 
more hyperbolic hence the use of linear L 2 — L 2 estimates which are analogous to the corresponding 
heat equation is not meaningful (see [23]). 

A different effect appears if we are interested in estimates of the solution to (|55|) . for [x G (0, 1). It is 
convenient to separate contributions coming from vq and v\. Let V\ = 0. If vq G H 1 or vq G L m n H 1 , 
we still have estimates for any /i > 0, estimate ([55)1 for /i > n(2/m — 1) and estimate (1391) 
for = n(2/m — 1). Otherwise, the estimate rate with respect to t becomes worse. 

Lemma 6. Let fi G (0, 1) and vq = 0. If V\ G L 2 then the solution to (|35[) satisfies the estimate 

HMIIl^A^^IMU,. (83) 

If Vi G L m n L 2 for some m G [1, 2) and /! < 2 — n(2/m — 1), then the solution to ([33]) satisfies the 
estimate 

Ht,-)^ < A(t)^- n ^-i) (\\ Vl \\ Lm + A{s) n te-i) \\v4v) , (84) 

whereas if fi = 2 — n(2/m — 1), satisfies the estimate 

\\v(t,-)\\ L2 <A(t)-% J^iog(l + £j|) (AWIKIUm+A^^H^IU,) , (85) 

Proof. We only prove (|84"]l . being the other two estimates similar. We follow the proof of Lemma [U 
but now p G (0, 1/2). The estimate in I\ remains the same. In 1% we may estimate 

|*o l/ ,,o|<|«r p - 1/2 A(a)-' , A(t)- 1 /2 J 
therefore, using q(—p — 1/2) < — n, that is, < 2 — n(2/m — 1), we derive 

|£|-g(p+l/2) ^£ < ^^\g(p+l/2)-n _ 



IS|GI 2 

On the other hand, in I3 we may estimate |\Po.p,o| ^ A(s)~ p A(i) p , therefore 

/ l^<A(i)~". 
J\t\eh 

Summarizing, we proved 

\\*o, P AL Hl2 nr 3 )<Ms)- p Hty- n/q , 
hence estimate (l84l) follows. □ 
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Appendix B. Additional considerations in one space dimension 
In this Appendix we fix n = 1. 

If fx G [2,3), according to Corollary [2j if data are small in T>i then we have global existence for 
any p > fx — 1 satisfying (Tl7j]) , i.e. 

H - 1 

If /i G [1,2), according to Remark |6l if data are small in H 1 x L 2 then we have global existence for any 

p>i + ^±t5. 

However, we may improve this lower bound for p if data are small in T>\. 
Corollary 7. Let n = 1, fx G [1, 3) and p > 2, satisfying 

TTien /or any initial data satisfying (J7J) i/iere exists a solution to (|20p . Moreover, estimate (J2SJ) 
wii/i to = 1 /io/ds /or i/ie solution, together with 

nnx7 u , < /A(*)A(t)-*bg(e + A(*))||(«o,« 1 )|k ^£(2,3), 
||(AVn,u t )(t,-)||L2<< £ (87 

[A(t)A(t) ^ ||(u , ui)||x>! , «//xG[l,2], 

/or its energy. 

We remark that the exponent in is lower than the one in (JTHJ) for any /i G [2, 3), and it is lower 
than the one in (|81[) for any fi G [1,2). This improvement does not appear in space dimension n > 2, 
if one extends this strategy. 

Proof. We prove for /i G (2, 3), being the case /i G [1, 2] analogous and simpler. We follow the proof of 
Theorem [3] but we consider the norm on Xq{€) given by 

|Mlvo(t) == sup (A(x)i + AM*(log( e + A(x))) " X || V W (r, , 

Q<T<t 

and similarly the norm on X(t). Using (|59[) . we may estimate 

Hs,.)\\ L , < hr Yo(s) A( S )-( 1 - e ^)t-«W^(log (e + A(r))) e(9) 

= A( S )-i- e W^ (log(e + A(r))) e(9) , (88) 
for q = p, £p, 2p, that is, ([53" |) -([M |) are replaced by 

\\f(u(s,-))\\ L i < \H p Xo(s) A( s y-^-i+^^ = \\u\\* XoW A(sF->iw+Ui>- 1 '> , 
< M'xMH'r^-** 6 ™^ = h\\ p XoW Hs) lf - 1 * " 1)+ * 0, - 1) > 

\\f(u(s,.))\\ L , < \\u\\ Xo(s) A(sy-^-i+ e ^^ = ||nf Xo(s) A( S )^(M + D^(,-D. 
Let us put 

p r :=p^(/x+l)-^(/i-l), r = l,£,2. 
Using (j3"5)) with m = 1 and (|^T|) with m = £ we obtain 

||JV«(t,-)|U» < A(t)-^ ||(«o,«i)|U»nL» 

+ ||n||^ o(t) A(t)-i /' A( S ) A( s ) 1+ ^ (log(e + A(r))) p d S (89) 
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t 



+ ||«|& 0(t) A(t)-* J X( S )A(s)^ + ^(\og(e + A(r))) P ds, (90) 
\\VNu(t, -)\\ L 2 < A(t)"* log(e + A(t)) ||K,«i)lb m 

+ ||«||^ o(t) A(*)~* log(e + A(t)) jf* X(s) Atf 1 -*-** (log(e + A(r))) p d s (91) 

+ ||«|& o(t) A(t)"« f A( S ) A(*)*+™ ( log(e + A(r))) p , (92) 



and similarly for d t Nu. We notice that 

1 fx 11 

P£>Pi>p 2 -2> and that p 2 + 1 - - > P2 - - = (P - 1) ^(/x + 1) , 

therefore the integrals in dHUl"®-©-© arc bounded if, and only if, (p 2 - 1/2) > 2 + 7, that is, 

□ 



We remark that in space dimension n = 1 the classical semilinear wave equation uu — An = \u\ p 
admits no global solution, for any p > 1. Therefore, we still have concrete benefits from the damping 
term, even below the threshold fx = 2. Moreover, if fi € (0, 1], one may use the linear estimate (|55j) to 
obtain global existence by assuming smallness of the initial data in T> K , where 

3 — /! 

for any p > 4/(3 — fx) such that 

P>l + 2 -^l. (93) 
A 1 

In [53] it is proved that if fx € (0, 1) and / = f(u) = \u\ p , then there exists no global solution to © 
for any 

K V < 1 + J r , (94) 

n-(l-//) 

provided that «i G L 1 and 

/ ui(x) > . 

JR™ 

We notice that the exponent in (|M|) tends to Fujita exponent 1+2/n as /Lt — ?• 1 and to Kato exponent 1 + 
2/(n — 1) (see [HKH]) as — >• 0. This effect is related to the loss of parabolic properties of the equation 
in @ as fx becomes smaller, in particular under the threshold fx= 1. Following the proof of Theorem 1.4 
in [24], condition ([94]) can be easily extended to 

2 + 7 

1<P<1+ Tf^-T. 

71- (1 - fl) 

if /(i, u) > (1 + £) 7 |u| p . This exponent gives 1 + (2 + 7)/^ in space dimension n = 1. Still, there exists 
a gap between the exponents in (f9"3"]l and (f9~4"|) . The problem to cover this gap remains open. 
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